CONSEQUENCES OF THE SHADOWING PROPERTY 



ANDRES KOROPECKI AND ENRIQUE PUJALS 

Abstract. Wg consider low-dimensional systems with the shadowing prop- 
erty and we study the problem of existence of periodic orbits. In dimension 
two, we show that the shadowing property for a homeomorphism implies the 
existence of periodic orbits in every e-transitive class, and in contrast we pro- 
vide an example of a C°° Kupka-Smale diffeomorphism with the shadowing 
property exhibiting an aperiodic transitive class. Finally we consider the case 
of transitive endomorphisms of the circle, and we prove that the a-Holder 
shadowing property with q > 1/2 implies that the system is conjugate to an 
expanding map. 



1. Introduction 

The main goal of this article is to obtain dynamical consequences of the shad- 
owing property for surface maps and one-dimensional dynamics. 

Let {X, d) be a metric space and f : X X & homeomorphism. A (complete) 5- 
pseudo-orbit for / is a sequence {xn}n^'L such that (i(/(a;„), x„+i) < 5 for all n G Z. 
We say that the orbit of x e-shadows the given pseudo-orbit if d{f'^{x), Xn) < e for 
all n 6 Z. Finally, we say that / has the shadowing property (or pseudo-orbit 
tracing property) if for each e > there is (5 > such that every (5-pseudo-orbit 
is e-shadowed by an orbit of /. Note that we do not assume uniqueness of the 
shadowing orbit. 

One motivation to study systems with this property is that numeric simula- 
tions of dynamical systems always produce pseudo-orbits. Thus, systems with the 
shadowing property are precisely the ones in which numerical simulation does not 
introduce unexpected behavior, in the sense that simulated orbits actually "follow" 
real orbits. 

When one considers pseudo-orbits, the natural set that concentrates the nontriv- 
ial dynamics is the chain recurrent set. If the system has the shadowing property, 
the closure of the recurrent set coincides with the chain recurrent set. As usual, it 
is then natural to ask about the existence of periodic orbits in the recurrent set. If 
one also assumes that the system is expansive in the recurrent set (as it happens 
for hyperbolic systems), then it is easy to see that periodic orbits are dense in the 
recurrent set. However, it is unknown whether a similar result holds without the 
expansivity assumption. It is not even clear that the shadowing property implies 
the existence of one periodic orbit. 

Our first result addresses this problem in dimension two (for precise definitions 

see 
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Theorem 1.1. Let S be a compact orientable surface, and let f : S ^ S be a 

homeomorphism with the shadowing property. Then for any given e > 0, each 
e-transitive component has a periodic point. 

As an immediate consequence, we have 

Corollary 1.2. If a homeomorphism of a compact .surface has the shadowing prop- 
erty, then it has a periodic point. 

Note that Theorem 11.11 does not rule out the existence of aperiodic chain tran- 
sitive components (in fact Theorem 11.51 below provides an example with the shad- 
owing property exhibiting an aperiodic chain transitive class). However, if there is 
such a component, some of its points must be accumulated by periodic points. 

Corollary 1.3. Let S be a compact orientable surface, and let f : S ^ S a home- 
omorphism with the shadowing property. Then Per(/) intersects every chain tran- 
sitive class. 

Thus, the presence of an aperiodic chain transitive class implies that there are 
infinitely many periodic points. In particular, we obtain the following: 

Theorem 1.4. Let S be a compact orientable surface, and let f : S ^ S be a 
Kupka-Smale diffeomorphism with the shadowing property. If there are only finitely 
many periodic points, then f is Morse-Smale. 

Another problem of interest is to find "new" examples of systems having the 
shadowing property. It is known that in dimension at least 2, topologically stable 
systems have the shadowing property |Wal78| INitTlj . Systems which are hyper- 
bolic (meaning Axiom A with the strong transversality condition) also exhibit the 
shadowing property. In fact, for such systems, a stronger property called Lips- 
chitz shadowing holds. This means that there is some constant C such that in 
the definition of shadowing one can always choose 5 = Ce jPil991 §2.2]. In |PT10| 
it is shown that Lipschitz shadowing for diffeomorphisms is actually equivalent to 
hyperbolicity. 

However, not all systems with the shadowing property have Lipschitz shadow- 
ing. In fact, in view of jPTlOj . a simple example is any non- hyperbolic system 
which is topologically conjugated to a hyperbolic one. Nevertheless, this type of 
example still has many of the properties of hyperbolicity; in particular, there are 
finitely many chain transitive classes, with dense periodic orbits. Another non- 
hyperbolic example which has the shadowing property is a circle homeomorphism 
with infinitely many fixed points, which are alternatively attracting and repelling 
and accumulating on a unique non-hyperbolic fixed point. However, in this type 
of example, altough there are infinitely many chain transitive classes, they all have 
dense periodic points (in fact they are periodic points). 

The next theorem gives a new type of example of smooth diffeomorphism with the 
shadowing property, which is essentially different from the other known examples 
in that it has an aperiodic chain transitive class, and moreover, all periodic points 
arc hyperbolic. In particular, our example shows that one cannot hope to improve 
Theorem 1 1.1 1 bv "going to the limit", even for Kupka-Smale diffeomorphisms: 

Theorem 1.5. In any compact surface S, there exists a Kupka-Smale C°° dif- 
feomorphism f : S ^ S with the shadowing property which has an aperiodic chain 
transitive component. More precisely, it has a component which is an invariant 
circle supporting an irrational rotation. 
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A this point, we want to emphasize that none of the theorems stated so far 
assume either Lipschitz or Holder shadowing. 

Finally, we consider the case of transitive endomorphisms of the circle with the 
Qf-Holder shadowing property, i.e. such that there is a constant C such that every 
(5-pseudo-orbit is C(5"-shadowed by an orbit, and we show that a- Holder shadowing 
with a > 1/2 implies conjugacy to linear expanding maps (see definitions I4.1ll473l 
for details). 

Theorem 1.6. Let f be aC^ endomorphism of the circle with finitely many turning 
points. Suppose that f is transitive and satisfies the a-Holder shadowing property 
with a > i . Then f is conjugate to a linear expanding endomorphism. 

If the transitivity of / persists after perturbations, we can improve the result. 
We say that / is C robustly transitive if all maps in a C-neighborhood of / are 
transitive. 

Theorem 1.7. Let f be a C'^ orientation preserving endomorphism of the circle 
with finitely many turning points. Suppose that f satisfies the a-Holder shadowing 
property with a > Lf f is -robustly transitive, r >1, then f is an expanding 
endomorphism. 

Observe that in this theorem we do not assume that the shadowing property holds 
for perturbations of the initial system. Theorem II. 71 can be concluded directly from 
|KSvS07j ■ where it is proved that hyperbolic endomorphisms are open and dense 
for one dimensional dynamics. Nevertheless, we provide the present proof because 
it involves very elementary ideas that may have a chance to be generalized for 
surface maps. A result similar to Theorem 11.61 for the case of diffeomorphisms in 
any dimension was recently given in |Tikll| . 

Let us say a few words about the techniques used in this article. To obtain 
Theorem 1 1.1[ we use Conley's theory combined with a Lefschetz index argument to 
reduce the problem to one in the annulus or the torus. To do this, we prove a result 
about aperiodic e-transitive components that is unrelated to the shadowing property 
and may be interesting by itself (see Theorem 12. 12p . In that setting, then we apply 
Brouwer's theory for plane homeomorphisms (which is strictly two-dimensional) to 
obtain the required periodic points. 

To prove Theorem II. 5[ we use a construction in the annulus with a special kind 
of hyperbolic sets, called crooked horseshoes, accumulating on an irrational rotation 
on the circle (with Liouville rotation number). The shadowing property is obtained 
for points far from the rotation due to the hyperbolicity of the system outside a 
neighborhood of the rotation, and near the rotation the shadowing comes from 
the crooked horseshoes. The main technical difficulty for this construction is to 
obtain arbitrarily close to the identity a hyperbolic system with a power exhibiting 
a crooked horseshoe. This is addressed in the Appendix (see ProDOsition l3.2p 

To prove Theorem 11.61 we use that the shadowing property to obtain a small 
interval containing a turning point such that some forward iterate intersects a 
turning point, and assuming that the shadowing is Holder with a > ^ it is concluded 
that the forward iterate of the interval has to be contained inside the initial interval, 
contradicting the transitivity. Once turning points are discarded. Theorem 11.71 is 
concluded using that the dynamics preserves orientation and that recurrent points 
can be closed to a periodic orbit by composing with a translation. 
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2. Shadowing implies periodic orbits: proof of Theorem 11.11 

2.1. Lifting pseudo-orbits. Let S* be a oricntable surface of finite type, and 
/:£'—> S a homeomorphism. If / is not the sphere, we may assume that S is 
endowed with a complete Riemannian metric of constant non positive curvature, 
which induces a metric c?(-, •) on S. Denote by S the universal covering of S with 
covering projection tt : S ^ S, equipped with the lifted metric which we still denote 
by d{-, •) (note that 5 ~ qj. ^2)^ 

The covering projection tt is a local isomctry, so that we may fix eg such that 
for each x € S there is eo > such that tt maps the eo-neighborhood of x to the 
eo-neighborhood of 7r(i) isometrically for any x € S. 

The next proposition ensures that one can always lift e-pseudo orbits of / to the 
universal covering in a unique way (given a base point) if e is small enough. 

Proposition 2.1. Given a lift / : 5 — > 5 of f, an eQ-pseudo orbit {xi}, and y £ 
7r~^(xo), there is a unique eQ-pseudo orbit {xi} for f such that xq ~ y and Xi = 
■n{xi) for all i. 

Proof. Note that from the definition of eo, we have 

eo < min{(i(y,x) : a; £ 5, i, y S tt"""^ (a;), y 7^ .t}. 

Set Xq = y. Then there is a unique choice of xi G t:^'^{xi) such that c?(/(xo), a^i) < 
eo, and similarly there is a unique X-i € 7r^^(x_i) such that (i(/(i_i), io) < eo- 
Proceeding inductively, one completes the proof. □ 

The following proposition follows from a standard compactness argument which 
we omit. 

Proposition 2.2. If K C S is compact and f : S S is a lift of f, then f is 
uniformly continuous on the e-neighborhood of Tr^^{K), for some e > 0. 

Wc say that / has the shadowing property in some invariant set K if for every 
e > there is (5 > such that every i5-pseudo orbit in K is e-shadowed by some 
orbit (not necessarily in K). 

Proposition 2.3. Suppose that f has the shadowing property in a compact set 
K C S. If f : S ^ S is a lift of f, then f has the shadowing property in tt^^{K). 

Proof. From the previous proposition, given e > we may choose e' < min{e, eo/3} 
such that d(f(x),f{y)) < eo/3 whenever d{x,y) < e', and a similar condition for 

Let i5 < eo/3 and let {a;„} be a (5-pseudo orbit of / in tt ^{K). Then {n{xn)} is 
a (5-pseudo orbit of / in K. If 5 is small enough, then {7r(a;„)} is e'-shadowed by 
the orbit of some point x G AI. Since d{x,Tr{xo)) < e'. if x is the element of Tr~^{x) 
closest to xq we have d{x,XQ) < e'. We know that d{f{xo),xi) < S, and from our 
choice of e' also d{f{x),f{xo)) < eo/3, so d{f{x),xi) < i5 + eo/3. On the other 
hand, since o?(7r(/(x)), 7r(xi)) < e', we must have that d{f(x),Txi) < e' < eo/3 
for some covering transformation T. But then d{Txi, xi) < 6 + 2eo/3 < eo. This 
implies that T = Id so that d{f{x),xi) < e'. In particular f{x) is the element of 
TT^^{f{x)) closest to xi, so we may repeat the previous argument inductively to 
conclude that d{f^{x),Xn) < e' for all n > 0. 
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If ij is the element of 7r^^(/^^(a;)) closest to then d{y,x^i) < e'. By the 
previous argument starting from instead of xq, we have that d{f{y), xq) < e' < 
eo/3, and this means that f{y) is the element of Tr^^{x) closest to xq (which we 
named x before). Thus y = f~^{x), and we conclude that d{f~^{x),x^i) < e' . By 
an induction argument again, we conclude that d{f"'{x),Xn) < e' for n < as well. 
This completes the proof. □ 

2.2. Shadowing and periodic points for surfaces. First we state the following 

well-known consequence of Brouwcr's plane translation theorem (see, for instance, 
|Fra92p . 

Theorem 2.4 (Brouwer). Let f : R"^ ^ R"^ be an orientation preserving homeo- 
morphism. IJ f has a nonwandering point, then f has a fixed point. 

Suppose / is homotopic to the identity, and let / : S* — > 5 be the lift of / obtained 
by lifting the homotopy from the identity. Then it is easy to see that / commutes 
with covering transformations. 

Theorem 2.5. Let f : S ^ S be a homeomorphism homotopic to the identity. 
Suppose that there is a compact invariant set A where f has the shadowing property. 
Then f has a periodic point. 

Proof. Wc will also assume that the metric in S is as in the previous section, which 
we may since the shadowing property in a compact set is independent of the choice 
of Riemannian metric on S. 

We may assume that S is not the sphere, since in that case / would have a 
periodic point by the Lefschetz-Hopf theorem. Consider the lift / : S" — >■ 5 of / 
which commutes with the covering transformations. 

By Proposition 12.31 / has the shadowing property in 7r~^(A). Fix e > 0, and 
let 5 > be such that every (5-pseudo orbit in Tr^^{K) is e-shadowed by an orbit 
of /. Since A is compact and invariant, there is a recurrent point x G A, and 
so if i G 7r~^(x) we can find ti > and a covering transformation T such that 
d{f"'{x),Tx) < S. Since T is an isometry and commutes with /, the sequence 

. . . , T-'r-\x),x, f{x), . . . , r-\x), Tx, Tf{x), Tp-^x), T^x, . . . 

is a (5-pscudo orbit, and so it is e-shadowed by the orbit of some y £ S. This implies 
in particular that d{f''''{y),T''x) < e for all k e Z, so that d{{T~'^ Pf{y),y) < e 
for all keZ. Note that T'^f" is a homeomorphism of S* ~ , and we may assume 
that it preserves orientation without loss of generality. Moreover, wc have from the 
previous facts that the closure of the orbit of y for T~^f"' is a compact invariant 
set; thus T~^f"' has a recurrent point, and by Brouwer's Theorem, it has a fixed 
point. Since T~^f" is a lift of /", wc conclude that / has a periodic point. This 
completes the proof. □ 

Corollary 2.6. ///: A — > A is a homeomorphism of the open annulus, and f has 
the shadowing property on some compact set A, then f has a periodic point. 

Proof. It follows from the previous theorem noting that is homotopic to the 
identity and still has the shadowing property in A. □ 

Corollary 2.7. Let /: — > be a homeomorphism with the shadowing property. 
Then f has a periodic point. 
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Proof. Suppose that / has no periodic points. Using instead of / we may 
assume that / preserves orientation. By the Lefschetz-Hopf theorem, we only have 
to consider the cases where / is homotopic to the identity or to a map conjugated 
to a power of the Dehn twist D : {x,y) t-^ {x + y,y) (otherwise. / has a periodic 
point even without assuming the shadowing property). 

If / is isotopic to the identity, / has a periodic point by Theorem 12.51 Now 
suppose that / is homotopic to a map conjugated to D'" for some M G Z. Using 
a homeomorphism conjugated to / instead of /, we may assume that / is in fact 
is homotopic to Z?™ : {x,y) ^ [x + my,y). Let r: A be the covering map 

(x, H> (a; + Z, y), where A = x M. Since / is isotopic to D"^, we can hft / by 
r to a homeomorphism / : A — > A, which is homotopic to the identity. 

Note that in the proof of Propositions 12.11 and 12.31 we did not use the fact that 
TT was the universal covering map. Thus by the same argument applied to the 
covering r one sees that / has the shadowing property in A = t^^(T^). Moreover, 
following the proof of Theorem l2.51 we see that there is a point z e A and a covering 
transformation T: A ^ A such that d{f'^'^{z),Tz) < e for all k E Z. But then, 
noting that T commutes with /, we see that T^^f" is a lift of /" which has a 
compact invariant set A where the shadowing property holds (namely, the closure 
of the orbit of z). The previous corollary applied to / implies that / (and thus /) 
has a periodic point. 

□ 

2.3. Lyapunov functions and e-transitive components. Let / : X — > X be a 

homeomorphism of a compact metric space X. Denote by CTZ{f) the chain recurrent 
set of /, i.e. x G CTZ{f) if for every e > there is an e-pscudo-orbit for / connecting 
X to itself. 

The chain recurrent set is partitioned into chain transitive classes, defined by 
the equivalence relation a; '-^ y if for every e > there is an e-pseudo-orbit from x 
to y and another from y to x. The chain transitive classes are compact invariant 
sets. 

Recall that a complete Lyapunov function for / is a continuous function g: X ^ 
M such that 

(1) g{f{x))<g{x) ifx^C7^(/); 

(2) If x,y € CTZ{f), then g{x) = g{y) if and only if x and y are in the same 
chain transitive component; 

(3) g{CTZ{f)) is a compact nowhere dense subset of M. 

Given a Lyapunov function as above, we say that i G M is a regular value if 
g~^(i) n CTL{f) = 0. Note that the set of regular values is open and dense in R. 
We recall the following result from Conlcy's theory (see |FM02| ). 

Theorem 2.8. If f: X ^ X is a homeomorphism of a compact metric space, then 
there is a complete Lyapunov function g: X for f. 

Now suppose / : — > is a homeomorphism of the compact surface S. Given 
a fixed e > 0, we say that x,y £ CTZ{f) arc e-related if there are e-pseudo orbits 
from a; to y and from y to x. This is an equivalence relation in CTL{f); we call the 
equivalence classes e-transitive components. It is easy to see that there arc finitely 
many e-transitive components [Fra89|, Lemma 1.5]. Moreover, in |Fra89|, Theorem 
1.6] it is proved that every e-transitive component is of the form g~^{[a, 6]) nC72.(/) 
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for some complete Lyapunov function g for / and a, 6 G R are regular values. Note 
that e-transitive components are compact and invariant. 

Proposition 2.9. Let A be an e-transitive component for some e > 0. Then there 
are compact surfaces with boundary Mi C M2 C S such that f{Mi) C int Mi for 
i = 1,2, and 

A={M2\Mi)nCTZ{f). 

Proof. Let g be a complete Lyapunov function for / such that the e-transitive A 
verifies that A = g~^{[a,b]) H CTZ{f) for some regular values a < b. Consider 
a function g which coincides with g in a neighborhood of CTZ{f) and is in a 
neighborhood of {a, b}. If g is C^-close enough to 5, it will be a complete Lyapunov 
function for /. Choose regular values a' < b' (in the differentiable sense) for g such 
that there are no points of g{CR{f)) between a and a' or between b and 6', and 
define Mb = g~^{b'), Ma ~ g~^{a'). It is easy to verify that Ma and Mb satisiy the 
required properties. □ 

2.4. Reducing neighborhoods for e-transitive components. First we recall 
some definitions. If T is a non-compact surface, a boundary representative of T is a 
sequence Pi D P2 ^ ■ ■ ■ of connected unbounded (i.e. not relatively compact) open 
sets in T such that drPn is compact for each n and for any compact set K C T, 
there is no > such that Pn Ci K = ii n > no (here we denote by drPn the 
boundary of P„ in T). Two boundary representatives {Pi} and {P/} are said to be 
equivalent if for any n > there is m > such that Pm C , and vice- versa. The 
ideal boundary bjT of T is defined as the set of all equivalence classes of boundary 
representatives. We denote by T the space TUb/T with the topology generated by 
sets of the form VUV, where V is an open set in T such that drV is compact, and 
V' denotes the set of elements of bjT which have some boundary representative 
{Pi} such that Pi C V for all i. We call T the ends compactification or ideal 
completion of T. 

Any homeomorphism f : T ^ T extends to a homeomorphism f : T ^ T such 
that fir ^ f- If T is orientable and biT is finite, then T is a compact orientable 
boundaryless surface. See |Ric63j and jAS60j for more details. 

The following lemma states that we can see an e-transitive component A as a 
subset of an /-invariant open subset of S such that the chain recurrent set of the 
extension of / to its ends compactification consists of finitely many attracting or 
repelling periodic points together with the set A. 

Lemma 2.10. Let S be a compact orientable surface, and let f : S — > S be a 
homeomorphism. If A is an e-transitive component, then there is an open invariant 
set T G S with finitely many ends such that each end is either attracting or repelling 
and Cn{f\T) = A. 

Proof. Let Mi C M2 be the compact surfaces with boundary given by Proposition 
12.91 Removing some components of Mi and M2 if necessary, we may assume that 
every connected component of Mi intersects CTZ{f) for i = 1,2. Similarly, we may 
assume that every connected component of S* \ int Mi intersects CTl{f) for i = 1, 2 
(removing some components of 5 \ Mi if necessary). This does not modify the 
properties of Mi given by Proposition 12.91 

Note that f{Mi) and Li = Mi \ uA f{Mi) are compact surfaces with boundary 
whose union is Mi and they intersect only at some boundary circles (at least one for 
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each Mi, since neither Mi nor S\M2 are empty), so that their Euler characteristics 
satisfy 

X(M,) = x{L^) + x{f{Mi)). 

But since x(-^i) = x{f{^i))i it follows that xi^i) = 0- Thus, to show that L,; is 
a union of annuli, it sufHces to show that no connected component of Li is a disk 
(since that implies that the Euler characteristic of each connected component of Li 
is at most 0). 

Suppose that some (closed) disk Z? is a connected component of Li. Then the 
boundary dD is a component of dMi U df{Mi). 

Suppose first that dD is a boundary circle of Mi. Since D C Li — A/^ \int f{Mi), 
it follows that D C M^. Thus, Z? is a connected component of Mi. On the other 
hand, since D D mtf{Mi) = and f{Mi) C int Mi is disjoint from dMi D dD, it 
follows that D n /(Af,) ^ 0. Since /"(Z?) C /"(M,) C /(M,) for n > 1, we can 
conclude that D n CTZ{f) = 0, because the distance from f{Mi) to D is positive, 
so that no e-pseudo orbit starting in D can return to Z? if e is small enough. This 
contradicts the fact that every component of Mi intersects CTZ{f) as we assumed 
in the beginning of the proof. 

Now suppose that dD is a component of df{Mi). Since D n int f (Mi) ~ 0, it 
follows that D is a. connected component oi S \ int f (Mi), so that D' = f~^{D) is 
a component of 5 \ int Mi. But f {D') C Mi, which implies that P{D') C Mi for 
all n > 0. As before, this implies that D' is disjoint from CTZ{f), contradicting the 
fact that every component of S\intMi intersects CTZ{f). This completes the proof 
that Li is a disjoint union of annuli. 

Note that that the number of (annular) components of Li coincides with the 
number of boundary components of Mi, since Li is a neighborhood of dMi in Mi. 
The previous argument also shows that Mi \ int/"(M,;) is a union of the same 
number of annuli if n > 0. In fact, Ali \ int /" (Mi) = U)!^^/'^(Li), and the union 
is disjoint (modulo boundary). Thus the sets 

Li = y /"(Li) and ^2 = IJ r(i2) 

ri>0 n<0 

are increasing unions of annuli sharing one of their boundary components, hence 
they are both homeomorphic to a disjoint union of sets of the form §^ x [0,1). 
Moreover, ni>o /"(-^i) = = nn<o /"(-^2)- Let ki be the number of components 
of Li (or, which is the same, the number of boundary components of Mi). 
Let iV = M2 \ int Mi and write 

T = Li UiVUi2- 

It is easy to check that /(T) = T. Moreover, dN — dLi U dL2, so T is an open 
surface with ki + ^2 ends. If we denote by T the ends compactification of T, and 
by / the extension of / to T (which is a homeomorphism) , we have that / has 
exactly fci + ^2 periodic points, which are the ends of T. The ends in Li give rise 
to periodic attractors, and the ones in L2 to periodic repellers. Since CTZ{f\i .) — 
for i = 1, 2 and CTZ{f\N) = A, the surface T has the required properties. □ 

2.5. Aperiodic e-transitive components. We now show that if an e-transitive 
component A has no periodic points, then the "reducing neighborhood" of A from 
the previous lemma is a disjoint union of annuli. 
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Lemma 2.11. Let A be a matrix in SL(m,Z). Then there is n > such that 
tr A" > TO. 

Proof. Let rie"^"^^ , . . . ^r^e'^'^'^^"^ be the eigenvalues of A. Given e > 0, we can 
find an arbitrarily large integer n such that {2n9i, . . . ,2nd,n) is arbitrarily close 
to a vector of integer coordinates, so that cos{AmTi9k) > 1 — e. Thus trA^" = 
J2k cos{Anni9k) > (1 - e) J2k ^k'- If = • • • = r„ = 1, then tr A^" > to(1 - 
e), and since ti A^" is an integer, if e was chosen small enough this implies that 
tr A^" = to. Now, if some 7^ 1, choosing a different k we may assume 7'^ > 1, 
so that trA^" > (1 — e)r^", and if n is large enough and e < 1 this implies that 
tryl2">TO. □ 

Theorem 2.12. Let S be a compact orientable surface, and let f: S S be a 

homeomorphism. If A is an e-transitive component without periodic points, then 
either = and f has no periodic points, or there is a disjoint union of periodic 
annuli T <Z S such that the ends of each annulus are either attracting or repelling 
and Cniflr) = A. 

Proof. Let T be the surface given by Lemma 12.101 If some component T' of T has 
no ends at all, then T' is compact, and since it has no boundary, T ^ T' ~ S. 
Since / has no periodic points in A = C7?.(/|t) = CTZ{f), it follows that there are 
no periodic points at all. The only compact surface admitting homeomorphisms 
without periodic points is T^, so S* = as required. 

Now suppose T has at least one end in each connected component, and let T be 
its ends compactification. Replacing / by some power of /, we may assume that / 
preserves orientation, the periodic points arising from the ends of T are fixed points, 
and there are no other periodic points. Moreover, each connected component of T 
is invariant, all fixed points in T are attracting or repelling and there is at least one 
in each connected component. Thus we may (and will) assume from now on that 
T is connected and we will show that it is a sphere with exactly two fixed points, 
so that the corresponding connected component of T is an annulus as desired. 

Since the fixed points of / are attracting or repelling, the index of each fixed 
point is 1. Since there are no other periodic points, the same is true for /", for any 
n 0. Thus we get, from the Lefschetz-Hopf theorem, 

L(.r) = #Fix(,r) = #Fix(/) 

where L{f) denotes the Lefschetz number of / (see |FM02| ). defined by 

^(r)=tr(/;o)-tr(/,i)+tr(/;2), 

where /*, is the isomorphism induced by / in the i-th homology Hi{T, Q). 

It is clear that tr(/*o) = 1 because we are assuming that T is connected. Since 
T is orientable and we are assuming that / preserves orientation, and from the fact 
that r is a closed surface, we also have that tr(/*2) = 1. Thus 

l<#Fix(/) = i(r)=2-tr(A"), 

where ^ is a matrix that represents Since / is a homeomorphism, A G 

SL(/3i,Z), where f3i is the first Betti number of T. By Lemma [2.111 we can find n 
such that tr(A") > It follows that (3i < 1. But since T is a closed orientable 
surface, /3i is even, so that /3i ~ 0. That is, the first homology of T is trivial. 
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We conclude that T is the sphere. Since / preserves orientation, this means that 
L{f) = 2, so that there are exactly two fixed points as we wanted to show. □ 

2.6. Proof of Theorem \TA\ 

Proof of Theorem Suppose there exists e > and some e-transitivc component 
which has no periodic points. By Theorem 12.121 we have two possibilities: First, 
S = T'^ and there are no periodic points in S. But this is not possible due to 
Corollary[2Jl The second and only possibility is that A = CTZ{f) n (Ai U • ■ • U 
where the union is disjoint, each Ai is a periodic open annulus, and each end of Ai 
is either attracting or repelling. Using /" instead of /, we may assume that each 
Ai is invariant. Let Ai ~ An Ai. Then Ai is an open invariant annulus such that 
CTZ{f\Ai) = Ai and / has no periodic points in Ai. But it is easy to see that / has 
the shadowing property in CTZ{f\Ai), and this contradicts Theorem 12.51 □ 

2.7. Kupka-Smale diffeomorphisms. The proof of theorem 11.41 starts with the 
next theorem that holds in any dimension for any Kupka-Samle diffeomorphism 
having the shadowing property. 

Theorem 2.13. Let f:M^M be a Kupka-Smale diffeomorphism of a compact 
manifold having the shadowing property. Suppose there is a chain transitive com- 
ponent A which contains a periodic orbit p. Then A is the homoclinic class of 
P- 

Proof. Suppose that /'^(p) = p and there is some point x € A which is not in 
the orbit of p. Let e > 0, and choose 6 > such that every 5-pseudo orbit is 
e-shadowed by an orbit. Since x and p are in the same chain transitive component, 
we can find a (5-pseudo orbit a;_a, . . . , such that xq = x, x-a = P and Xb = p. 
Define a;_„ = for n > a and a;„ = f^~''{p) for n > b. Then {x„} is a 

(5-pseudo orbit, which is e-shadowed by the orbit of some y G A/, which is not in 
the orbit of p if e is small enough. 

Note that d{f-''"{y), /"^(p)) < e if n > a and d{f''"{y)J-''{p)) < e if n > fo. If e 
is small enough, this implies that y £ n W''{f~''{p)). Since y is e-close 

to x and e was arbitrary, it follows that y is in the homoclinic class of p. 

It is clear that any point in the homoclinic class of p is in the same chain transitive 
component of p. This completes the proof. □ 

Corollary 2.14. ///: AI — > M is Kupka-Smale, then chain transitive components 
contain at most one or infinitely many periodic orbits. 

Corollary 2.15. ///: M M is Kupka-Smale, then either f has positive entropy 
or every chain transitive component consists of a single periodic orbit. 

Now we can prove Theorem ll.4l 

Proof of Theorem \1.4\ Since / has finitely many periodic orbits, by Theorem 12. 131 
each chain transitive component of / contains at most one periodic orbit, and if it 
does it contains nothing else. We need to show that there are no chain transitive 
components without periodic orbits, as this would imply that CTZ{f) = Per(/), and 
the Kupka-Smale condition then implies then that / is Morse- Smale. 

Suppose by contradiction that there is some chain transitive component A with- 
out periodic points. Since there are finitely many periodic orbits, for e > small 
enough it holds that the e-transitivc components of periodic points are disjoint from 
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A. Thus the e-transitive component Aq containing A contains no periodic points. 
By Theorem 11.11 this is a contradiction. □ 

3. An example with an aperiodic class: proof of Theorem 11.51 

Let us briefly explain the idea of the construction of the example from Theorem 
11.51 We will define a map / on the annulus A. such that the boundary is cither 
attracting or repelling. This example can then easily be embedded on any surface. 
Our map will be such that the circle C = x {0} is invariant and f\c is an 
irrational rotation. This circle is going to be an aperiodic class. To guarantee that 
the system has the shadowing property we combine two ideas: first, we will make 
sure that / is hyperbolic outside any neighborhood of C. This will guarantee the 
shadowing of pseudo-orbits that are "far" from C. On the other hand, to obtain 
shadowing "near" C, we require that there is a sequence of hyperbolic sets of a 
special kind ("crooked horseshoes") accumulating on the circle C. These sets have 
the property that they contain orbits that approximate increasingly well the first 
coordinate of any e-pseudo-orbit that remains close enough to C. We also require 
that between these sets there are essential attractors and repellers (alternating), in 
order to guarantee that any pseudo-orbit that starts close enough to C remains close 
to C forever. This allows us to ignore the second coordinate to obtain shadowing 
for these pseudo-orbits. 

3.1. Crooked horseshoes. We begin describing a diffeomorphism _ff : A — > A of 
the closed annulus A = §^ x [0, 1] which has a "crooked horseshoe" wrapping around 
the annulus. Such a map is obtained by mapping a closed annulus to its interior 
as in figure [T] The regions A and B are rectangles in the coordinates of A. The 
region A is mapped to the interior of A, and B is mapped to the gray region, which 
intersects B in five rectangles. The map H is contracting in A, while in BriH~^{B) 
it contracts in the radial direction and expands in the "horizontal" direction in a 
neighborhood of B (affinely) . 

This defines a diffeomorphism H from A to the interior of A. It is easy to see 
that the nonwandering set of H consists of two parts: the set Kq, which is the 
maximal invariant subset of _ff in i? and an attracting fixed point p in A. 

Since H is affine in a neighborhood of Kq, the set Kq is hyperbolic. We can 
regard H as a diffeomorphism from A to itself by doing the above construction 
inside a smaller annulus, and then extending H to the boundary in a way that the 
two boundary components are repelling and the restriction of H to the boundary 
is Morse- Smale. In this way we obtain an Axiom A diffeomorphism H : A ^ A. 

As in the classical horseshoe, we have a natural Markov partition consisting of 
the five rectangles of intersection of B with H{B), which induces a conjugation of 
H\xo to a full shift on five symbols. However we will restrict our attention to the 
set K C Kq which is the maximal invariant subset of H in B_i U-Bq Ui?i (i.e. three 
particular rectangles of the Markov partition). For these, we have a conjugation 
of H\k to the fuh shift on three symbols a: {-1,0,1}^ {-1,0,1}^, where the 
conjugation </>: { — 1,0,1}^ K is such that 0(x)„ = i ^=> H"{x) G Ei. Note 
that it X Cz Ei then f{x) turns once around the annulus clockwise if i = 1 and 
counter-clockwise if i = —1, and f{x) does not turn if i = 0. This is clearly seen 
considering the lift B ot B to the universal covering of A (i.e. a connected component 
of the preimage of B by the covering projection), and a lift H : M x [0, 1] — ^ M x [0, 1] 
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Figure 1. A crooked horseshoe 
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Figure 2. The hft of iJ 

of H such that H has a fixed point in B (see figure If Bi are the hfts of the sets 
Bi inside 13 and K is the part of B that projects to A', we have that H{z) £ B+{i, 0) 
a z e EiD K. 

Definition 3.1. We say that a diffeomorphism / : A — > A has a crooked horseshoe 
if there is a hyperbohc invariant set K C A with the properties described above; 
that is, there is a hft / of / to the universal covering and three sets K-i, Kq and 
Ki, which project to a Markov partition of K such that f{z) € i + K ii z ^ Ki 
(where K = K-i U ATq U Ki))- Furthermore, we wih assume that the width of K 
(that is, the diameter of its projection to the first coordinate) is at most 1. 

3.2. Approximations of a Liouville rotation with crooked horseshoes. One 

of the key steps for our construction of aperiodic classes requires a hyperbolic 
diffeomorphism / of the annulus which is C°°-close to the identity such that some 
power of / has a crooked horseshoe. This is guaranteed by the next proposition, 
the proof of which is given in Appendix 21 

Proposition 3.2. For any m > 0, there is a C°° -diffeomorphism H : A ^ A such 
that 

(1) H is Axiom A with the strong transversality condition; 
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(2) H"^ has a crooked horseshoe; 

(3) dc' {H, id) < Cr/m, where C'r is some constant depending only on r. 

Write Ra : A A for the rotation x i— !> x + a, and Ra : §^ — !> for the analogous 
rotation of the circle. 

Proposition 3.3. For any e > and any Liouville number a, there is an Axiom 
A diffeomorphism /i: A — > A arbitrarily C°° -close to Ra and S > such that every 
5-pseudo orbit of Ra is e-shadowed by the first coordinate of some orbit of h. 

Proof. We need to construct, for any r > 0, a map h with the desired properties 
which is C-close to the rotation by a. Thus we fix r > from now on. We first 
describe a general construction. Assume m > and p/q € Q are given (we will 
choose them later). 

Let 7? : A — )- A be a diffeomorphism as in Proposition [321 Fix q G Z,q > 0, and 
let us write K + t to represent the set {{x + t,y) : {x, y) G K} for K C A. Using an 
appropriate hft of H by the finite covering A ~ (R/qZ) x [0, 1] ^ (R/Z) x [0, 1] = A, 
we obtain a diffeomorphism / : A — > A which has a hyperbolic set K = KqUKiU- ■ -U 
Kq-i such that i^j+i = Kj + l/q (adopting the convention that Kj^q = Kj), and a 
Markov paritition A'^^, K^, K(, j = 0, . . . ,q ~ 1 such that C Kj for j = -1, 0, 1 
and /™(x) G Kj +i/qiix £ Kf . Moreover, /™(a; + l/q) = /"(a;) + l/q. 

If we write h{x) = f{x) +p/q, we have that h™-{x) G Kj +mp/q + i/q ii x £ Kj. 
Also, since h is a lift to a finite covering of an Axiom A diffeomorphism with strong 
transversality, it follows easily that h itself is Axiom A with strong transversality. 

Note that the width of each Kj is at most l/q. Because of the finite covering we 
used, the bound we have on the C-distance from h to the rotation Rp/q is 



where denotes the first coordinate. This is again because of the (/-folded covering 
we used. 

Note that any (5-pseudo orbit of i?a is a ((5+ — p/g|)-pseudo orbit of Rp/q. Let 
p/q be such that l/q < e/(4Co-|-4) and \p/q-a\ < l/cf^"^. Now let m = and 
choose h as we described above. Since dr{h,Rp/q) < Cr/q, by choosing a larger q 
we may assume that h is arbitrarily C-close to Ra. 

To see that h has the required properties, let 6 = l/{mq) — l/cf^"^ > 0. If {xn} 
is a (5-pseudo orbit of Ra, it is a l/(TO(jf)-pseudo orbit for Rp/q, and {xmn} is a 1/q- 
pscudo orbit for Rmp/q = id. We define a unique z £ K hy specifying its itinerary 
for /i™ as follows: let jo be such that d{'Ki{K j„) , xq) < l/q < e/2, set io = 0, and 



dc^{h,Rp/q) < q'-driHM) < Crq-'/m. 



Note also that 



(1) 



sup{|ft,(z)i - Rp/q{z)i \ : z e A} < 



n 




k=0 



n 




Define j., 



jo + io H ^ in- 
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Note that if d{ni{Kj^),Xnm) < e/2 then by construction 
where |(Sn+i| <!/'?• Since 

" ^nni ~ S„+i\ < e/2 + 1/q, 

our choice of in+i imphes that 

- ^'im - Sn+i + in+i/q\ < e/2. 
Thus, we see by induction that 

(2) |7ri(ifjJ-x„,„| <e/2 

for all ?i > 0. A similar choice can be made for negative n, obtaining a sequence 
{jn} which determines via the symbolic dynamics a unique z € Kj^ such that 
h^'^{z) £ Kj^. Since ([2]) holds for all n and the width of each Kj is at most 
l/q< e/4, it follows that |/i"™(z)i - Xnm\ < e/2 + e/4 < e for all n G Z. But using 
([T]) we also have that, if < fc < m — 1, 



< K h ko < < e 

mq q 

Thus {/i"(z)i} e-shadows {xn}- This completes the proof. □ 

3.2.1. Proof of theorem \1.5l To prove the theorem, we construct a map / : A A 
which is a contraction outside some annulus, and which has the required properties. 
The theorem follows easily since, by standard arguments, we can embed this kind 
of dynamics in any surface preserving the Kupka-Smale condition and in a way 
that the dynamics outside this annulus is simple (the chain recurrent set consists 
of finitely many hyperbolic periodic points). 

To define /, fix a Liouville number a and denote by Ra : A — )• A the map 
Ra{x, y) — {x + a, y). We first choose a sequence of pairwise disjoint closed annuli 
{Ai : i > 0} of the form = §^ x [a,j, hi\ with the following properties: 

(1) 6ji — a„ as n oo; 

(2) An converges to the circle C = §^ x {0} as rt — > oo; 

(3) The distance between An and An+i is at most 1 and at least 1/n^; 

We will choose a sequence /i„ : An An of diffeomorphisms such that ft,„ has the 
properties of the map h of Proposition [3731 with the annulus An instead of A, using 
e — \/n. Moreover, we choose hn such that 

(3) dc^.{hn,Rc.)<{2ny''/Kn 

where Kn is a constant that we will specify later. Using H^^ instead of H in 
Proposition l3.2[ we may obtain a map with the same properties as hn in Proposition 
13.31 such that its inverse is attracting instead of repelling on the boundary of the 
annulus. Thus we may assume that for /i„, the boundary of An is repelling if n is 
odd and attracting if n is even. 

Moreover, from the proof of Proposition 13.21 it is possible to assume that the 
restriction of H (and thus of /i„) to a neighborhood of the boundary components of 
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An has a simple dynamics, namely the product of a Morse-Smale diffeomorphism 
of the circle and a linear contraction or expansion; that is, 

hn{x,y) = (5„(x),i^(y)) 

for (x, y) in a neighborhood of d^An, where L^{x, y) = \i{y — y^) + vt ■ 

Since the boundary of An is attracting if n is odd and repelling if n is even, 

An > 1 and A„+i < 1 or vice versa (we will assume the first case). 

We define f\A„~ hn. To define / in the regions between the ^i's, let let Bn be 

the annulus between An and An+i- Note that from ([3]), we have c?oo(5n, ffn+i) < 

2"". 

For {x,y) e Bn, we define f{x,y) using convex combinations: 

/ y — \ 

f{x,y)l = gn{x) + (f) — r {9n+l{x) - gn{x)) 



f{x,y)2 =i„ iy) + 4> 



( y-Vn 



{LUM-Lniv)) 



JJn+l - Vn _ 

where 0: M ^ R is a fixed C°° bump function such that (^[x) = if x < 0, ^(x) = 1 
if x > 1 and < < 1. We further asusme that ^ is strictly increasing. Since 
(/) is fixed, the constant Kn that we used in the choice of /i„ can be chosen so that 
||(/)||p„ < Kn and Kn > 2. 

For convenience, let t{y) = + _ and A„ = yn+i — Vn ■ Note that |A„| is the 

distance from An to An+i, so from condition 3 at the beginning of the proof we 
have 

1 > |A„| > l/n^ 

Also note that from ([3|), 

design, 9n+i) < 2(2n)-2"/if„, 
so that ii < i + j < n and i,j > 0, 



Qi+3 



dx^dyi 



{4>{t{y)){9n+i{x) ~ gn{x))) 



(ty^j\t[y)) 



<2/((2nf"|A;^|<2/4 



and if 1 < i < n, using Leibniz's formula and the fact that L^_^-^^ and L„ arc affine 
maps, we find (again using ([3])) 



^{^{t{y)){Lt^,{y)-L-{y))) 



0«(f(y)) 



A?. 



X+,{y)~L-{y)) 



,^(-i)(t(y)) 



,i-i 



(A, 



n+l 



A„) 



Kn 



Kn, 



<-^{2{2n)-'-/Kn) + n-^{2{2 



'/Kn) 



<2(n+l)/((2n)2"|A;j|)<2(n+l)/4". 
Putting these facts together, we see that 

rfc"(/|B„,i?a|i3j < 2(n + l)/4" 0. 
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Figure 3. The map / 



Note that the dynamics of / in i?„ is triviah the boundary components of B are 
one attracting and the other repelhng and there is no recurrence in the interior of 

B. In fact it is easy to see that f2{x,y) — y is always positive or always negative 
for {x, y) G Bn (depending on the parity of n) 

To see that /|b„ is Axiom A, note that the nonwandering set of /|_b„ is contained 
in the boundary of i?„ (which is in An+i or An) so it consists of periodic points 
which are hyperbolic and finitely many. Moreover, since the boundary compo- 
nents of Bn are one attracting and one repelling, a homoclinic intersection between 
saddles can only happen if the saddles are in different boundary components. A 
small perturbation supported in the interior of Bn which does not affect our es- 
timates ensures that all such intersections are transverse, guaranteeing the strong 
transversality condition. 

To define / in the region above Ai, we extend arbitrarily / as a contraction 
using a similar argument. This defines / in {{x,y) € A : y > 0}. Note that / is 
Axiom A with strong transversality in each An- Finally, we repeat this procedure 
for the lower half of A, and we define f\c = Ra\c- This defines / : A — !> A. By 
construction, / is C°° in A\C. To see that / is also C°° in C, it suffices to observe 
that from our previous observations, if Un is an annular region of width 1/n around 

C, dc-iflun^ Ra\u„) — ^ as ri -H- cxD. This easily implies that / is C°° in A. 

We note that / is Kupka-Smalc because it is Axiom A with strong transversaility 
in each of the invariant annuli composing it (and there are no periodic points in 
C). Now it remains to see that / has the shadowing property. 

Fix e > 0. By our choice of / in the annuli An, if we choose n such that An is 
contained in an e-neighborhood of C and 1/n < e, there is (5o > such that that 
every (5o-pseudo orbit of the rotation by a in is e-shadowed by the first coordinate 
of an orbit of / in An- This means that every (Jg-pseudo orbit of / contained in C 
is e-shadowed by an orbit of /. 

Since C is the limit of a sequence of alternatively attracting-repcUing circles, 
for any /i > we can find di > such that any (5i-pseudo orbit starting in the 
i5i-neighborhood Us-^ of C is contained in the //-neighborhood t/^ of C, and we can 
choose /X and di small enough so that the first coordinate of every 5i-pseudo orbit 
of / starting in is a (5o-pseudo orbit for the rotation by a of S"^. From our 
previous remark, this (5o-pseudo orbit must be e-shadowed by the first coordinate 
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of some orbit of / in An- Since the width of An is smaller than 1/n < e, we have 
that every Si pseudo orbit of / starting in Us-^ is e-shadowed by an orbit of /. 

By construction, / is Axiom A outside any invariant neighborhood of C. If 
we choose an invariant annulus V C Us-^ such that its boundary components are 
repelling, this implies that there is 62 such that any (52-pscudo orbit of / starting 
in A \ y is e-shadowed by an orbit of /. 

Finally, let S = min{Si, S2}, and we have that any (5-pseudo orbit of / is e- 
shadowed by an orbit of /, as we wanted to prove. 

It is easy to see that C is a chain transitive component, so the theorem is proved. 

4. Shadowing for one dimensional endomorphisms 

We now consider smooth one dimensional endomorphisms on the circle (at least 
C^) assuming that the Holder shadowing property holds with Holder constant larger 
than i. We recall first some definitions. Let / be a C cndomorphism of the circle. 

Definition 4.1. Given a < 1, it is said that / has the a-Holder shadowing property 
if there exists C > such that any e-pscudo-orbit with e > is Ce"-shadowed by 
an orbit. 

Definition 4.2. It is said that / is expansive if there exists C > such that for 
any pair of points x, y that there is n > such that dist(/"(a;), f"'(y)) > C. 

Definition 4.3. It is said that / is expanding if there exist C > and A > 1 such 
that > CA" for any x in the circle and for any positive integer n. 

Definition 4.4. Given a critical point c (i.e., /'(c) = 0), it is said that c is a 
turning point if c is either a local minimum or a local maximum of /. 

To prove Theorem II . 61 we will need the following result. 

Theorem 4.5. /// is a transitive non-invertible local homeomorphism of the circle, 
then f is topologically conjugate to a linear expanding map. 

Proof. Since / is a local homeomorphism, if the degree of / is 1 or —1 it follows that 
/ is a homeomorphism, contradicting the assumption that / is non-invertible. Thus 
the degreee d of / satisfies \d\ ^ 1. This implies (for example, see [KH951 Prop. 
2.4.9] that / is semiconjugated to the linear expanding map E^i : x ^ dx (mod 1) via 
a monotone map h of degree 1; i.e. hf = Ej^h and /i is a continuous surjection such 
that h~^{x) is a point or an interval for each x. Suppose / = h~^{x) is a nontrivial 
interval for some x. Then from the transitivity it follows that there is /c > such 
that f^{I) nl ^ 9. Since h{f^{I)) = E^h{I) and h{I) = x, we conclude that 
E^{x) = X, and so f^{I) = I. The transitivity of / implies then that Ui=o^ /*(^) is 
dense in the circle, which in turn implies that h has a finite image, a contradiction. 
This shows that h~^{x) is a single point for every x, so that his, & homeomorphism 
and / is conjugate to Ed. □ 

Before proceeding to the proof of Theorems 11.61 and 11.71 let us introduce some 
notation. 

Notation 4.6. If x^y are points in the circle, the interval notation {x^y) denotes 
the smallest of the two intervals in the complement of the two points (when there 
is a smallest one). Similarly one can define [x,y), {x^y[ and [a;,y]. 
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Notation 4.7. If e > is given, and e 6(e) > 0, e i-)- g{e) > are real functions, 
we use the following notations: 

• S ~ 0{g{e)) if there is a constant C and eq > such that S{e) < Cg{e) 

whenever < e < eo- 
. (5 « 5(e) if g{e)/S{e) -> 1 as e ^ 0+. 

Proof of Theorem 11.61 We will prove that / has no turning point. This is 
enough to complete the proof, because it implies that / is a local homcomorphism, 
and from Theorem 14.51 one concludes that / is topologically conjugate to a linear 
expanding map as required. 

Let ci,...,Cfc be the turning points, and fix 7 > such that for each i, the 
interval Ji = (q — 7,Ci + 7) is such that f{Ji) = {ai,f{ci)] for some a^, and / 
is injective in — 7, and [ci^Ci + 7). We may also assume that the intervals 
Ji , . . . , Jfc are pairwise disjoint 

Fix e > and I < i < k, and let Zi G Ji be such that dist(z,;, c,) = e. Then 
dist(/(z), /(ci)) = O(e^), because / is and Cj is a turning point. The pseudo 
orbit 

{z,Jiz,)J{c,),f{c,),...,f{c,)...}, 

has a single "jump" of length O(e^), and therefore it is (5-shadowed by the orbit of 
a point Xi for some 6 = 0(e^"). Thus dist{xi, Zi) < 6 and dist(/-' (xi), /-^ (q)) < 5 
for all J > 1. If e is small enough then Xi £ Ji and there is a point x'j G Ji 
such that f{x[) = f{xi) and c g (xi,a;J). It is easy to sec that dist(x^,Ci) w 
dist{xi, Ci)) > e — 6. In particular, if e is small enough = (xi,x[), we have that 
{ci — e/2,Ci + e/2) C (note that 2a > 1, so that 6 < e/2 if e is small). Also 
observe that /(/;) = {f{xi),f{ci)]. 

Claim 1. There is G {l,...,fc} and ji > such that c„; G f-''{Ii) and 
diam(,p (/,;))< (5. 

Proof. Let us first show that f-'ih) contains a turning point for some j > 1: By 
transitivity, there is m > such that f^ih) n /, ^ 0. The set L ^ UrT=i 
is connected, so it is either an interval or the whole circle. Moreover, /™(L) C L. 
Suppose for contradiction that /•'{h) does not contain a turning point, for any 
j > 1. Then neither does L, and since there is at least one turning point, it follows 
that L is not the whole circle. Thus L is an interval such that /™(L) C L, and 
since / has no turning point in L it follows that is injective. This implies that 

the cti-limit of any point in L by is a semi-attracting fixed point for f'^, which 
contradicts the transitivity of /. 

Now let ji be the first positive integer such that f-'^{Ii) contains a turning point, 
and let c„. be such turning point. Since for 1 < j < ji there is no turning point in 
f^{Ii), it follows that is injective, and so is injective. This implies 

that /^■•(/,) = (F(x,),P(c,)), and so diam(p(/0) - dist(p (x,), P (c»)) < S, 
as claimed. □ 

To complete the proof of the theorem, let us use the notation A B to mean that 
A C B. Note that if e is chosen small so that S < e/2, we have that f-'^{Ii) (s Im 
because Im contains (c„; — e/2, + e/2) and diam(/-'* (/,;)) < e/2. The map 
t: {1, . . . , fc} — !> {1, . . . , fc} defined by r(i) — n,; has a periodic orbit because the 
space is finite, so that there is a sequence ii, 12, . . . , im = ii such that /■'''■ {li^) <£ 
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-^"■v+i for 1 < r < m. Letting N ~ ji^ + ji2 + ••• + '^e conclude that 

f^{Iii) (£ lii- This contradicts the transitivity of /, completing the proof. 

□ 

Proof of Theorem 11.71 From Theorem 11.61 follows that / has is a local home- 
omorphism conjugate to a linear expanding map. Let tt: M — §^ = M/Z be the 
universal covering, and F: M — > R a lift of /. Write Ft{x) ~ F{x) + t, and let 
ft : §^ — !■ be the map lifted by Ft . Since / has no turning points and preserves 
orientation, F is increasing, and the same is true for Ft. Since / is C""-robustly 
transitive, there is 7 > such that ft is transitive for all t G (—7,7) 

Claim 1. For every open interval / C and x G there is n > and y G / such 
that /"(y) = x. 

Proof. We need to show that Un>o /"(^) ^ Suppose not. Since / is transitive, 
there is A: e N such that f^{I)r\I ^ 0. Let L = U„>o ./"''(-^)- Then L is a connected 
set, so it is either an interval or the whole circle, and f^{L) C L. Suppose L is an 
interval. Then is injective, because it has no turning points. This implies that 
there is a semi-attracting fixed point for f^ in L, contradicting the transitivity of 
/. Thus L = S^, and this proves the claim. □ 

Claim 2. For each z<eM? a.ndt> 0, > F'^{z) + 1. 

Proof. By induction: the case n = 1 is trivial, and assuming Fp{z) > F"-{z) + t, 
we have F/'+^z) = F{Fp{z)) + t > F{F'"{z) + t) + t > F"+^{z) + t due to the 
monotonicity of /. □ 

Claim 3. For each e > and a; e there is n e N and < t < e such that 
/f (x) = X. 

Proof. Let i G M be such that Tr{x) = x, and define / = {F{x),F{x) + e). Claim 
[1] implies that there is y e / = tt{I) and n € N such that f^iy) = x. This means 
that if y is the point in / such that Tr{y) = y, then there is m £ Z such that 
F"-{y) ^ X + m. Observe that we can write y = F{x) + s = Fs{x) for some s with 
< s < e. By the previous claim, = F^{y) > + s > i + to. On the 

other hand, since F{x) < y and i^" is increasing, we have Fq'^^{x) = < 
= x + m. Thus, by continuity, there is < t < s such that F"'^^[x) = i + m, 
so that /""^^(x) = a; as required □ 

Claim 4. / has no critical points. 

Proof. Suppose c is a critical point. Claim [3] implies that there exist arbitrarily 
small choices of t > such that /"(c) = c for some n. But c is also a critical point 
for /"; and so it is an attracting fixed point for contradicting the transitivity 
of ft- ' ' □ 

Theorem A in |Maii85| implies that if / is a transitive endomorphism without 
critical points, then one of the following hold: 

(1) / is topologically conjugate to a rotation; 

(2) / has a non-hyperbolic periodic point; 

(3) / is an expanding map. 
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We can rule out case (1), since / is not a homeomorphisni. In fact, if / is a 
homeomorphisni, Claim [3] implies that there exist arbitrarily small values of t such 
that /( has periodic points, and being ft a homeomorphism, it follows that ft is 
non-transitive, a contradiction. 

To finish the proof of the theorem, we have to rule out case (2) above, i.e. we 
need to show that all periodic points of / are hyperbolic. Suppose p is a non- 
hyperbolic fixed point of /, and let fc G N be the least period, so that /'^'(p) ~ p 
and {f^y{p) = 1 (because is increasing). Let / = {p — e,p + e) with e so small 
that ^ / for 1 < i < fc, and choose a C°° map /i: §^ -> which is C-close 

to the identity, such that h{x) = x ii x ^ I, h{p) = p and < h'{p) < 1. Then hf 
is C-close to /, and in particular it is transitive. But < {{hf)'')' (p) < 1, so p is 
a periodic sink for hf, contradicting the transitivity. This proves that all periodic 
points of / are hyperbolic, completing the proof. □ 

Appendix: Creation of crooked horseshoes near the identity 




Figure 4. Creating a crooked horseshoe close to the identity from 
a flow 

Given m > 0, we will construct a C diffeomorphism satisfying the properties 
required in Proposition 13.21 For that, we get a vector field X exhibiting a double 
loop between the stable and unstable manifold of a hyperbolic singularity, as in 
figure m Moreover, the loop is an attracting set. Then, for each m, we take 
the time-— map $ i of the flow associated to X. The fact that this map is — - 
close in the C — topology to the identity map where Cr is a positive constant 
independent of m follows from Lemma 14.81 below. Then, the map is perturbed into 
a C diffeomorphism / unfolding a tangency associated to each loop (see figure S]) . 
It is proved that this diffeomorphism is Axiom A with strong transversality. To 
prove that, we adapt to the present context the strategy developed in |NP76j . Note 
that the estimate on the distance to the identity is preserved if the perturbation is 
C""-small. The resulting map has the properties mentioned in Proposition 13. 21 (one 
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can verify the presence of a crooked horseshoe for /™ using standard arguments). 
We devote the rest of this section to obtaining the required perturbations. 
We state an elementary fact that was used in the previous description. 

Lemma 4.8. Let X be a vector field on the compact manifold M , and (p: M X 

[0, 1] — >■ M the associated flow. Then (fit = 4>{-,t) is such that dpr (</>(, id) < Crt for 
some constant Cr independent of t. 

Sketch of the proof. Wc prove it locaUy; the global version is obtained by standard 
arguments. Assume the flow is defined on a neighborhood of U for some bounded 
open set [/ C M". Let 

Cr = max IID^XII 

0<fe<r " " 

were D^X{x) : (M")*^ R" is the fc-th derivative of X and HD^XH is the supreme 
of ||£>JX(a;)|| for a; in a neighborhood of U. 

By the mean value inequality, if t is small enough, 



Dl id 



\Dl4>t 



< sup 

0<s<t 



ds ^ 



sup 

0<s<t 



' ds 



< \\D'^X\\t< Crt. 



□ 



This section is organized as follows: first we introduce the vector field X; later, we 
consider perturbations of the map by embedding the map in a one- parameter 
family; finally, we prove that for certain parameters the map is Axiom A. 

To simplify the proof, we will assume that the double connection of our flow is as 
in figured] on the sphere, which does not make a difference since after compactifying 
by collapsing boundary components of the annulus in figure El we are in the same 
setting (in figure [3 the points Ri and R2 correspond to the collapsed boundary 
components, while R3 is the source inside the loop of figurcE]), and the perturbations 
that we are going to use are supported outside a neighborhood of i?i and R2. 

4.1. The vector field X. Let us consider a vector field X defined on the two 
dimensional sphere such that in the disk D = [—2, 2] x [—2, 2] the following holds: 

(1) It is symmetric respect to (0,0), i.e. X{—p) = —X{p). 

(2) S = (0, 0) is a hyperbolic saddle singularity such that: 

(a) inside [— ^,^] x [^^i^] the vector field is the linear one given by 
X{x, y) = (log(A)a;, \og{a)y) with < X < 1 < a and Act < 1, A = cr~"^ , 
with 7 > max{3r, 6} where r is the smoothness required; in particu- 
lar, [—5, 5] X {0} is contained in the local stable manifold of S and 
{0} X [—5, 5] is contained in the local unstable manifold of S. 

(b) the stable and the unstable manifold of (0, 0) are contained in D; 

(c) the stable manifold and the unstable one form a loop 7 contained in 
[0, 2] X [0, 2] U [-2, 0] X [-2, 0] ; let us denote by 7+ the one in [0, 2] x [0, 2] 
and 7~ the one in [—2, 0] x [—2, 0]. 

(3) -Ri = (1,1) is a hyperbolic repelling singularity and is contained in the 
region bounded by the loop 7^ (by symmetry R2 = (—1,-1) is a 
hyperbolic repelling singularity and is contained in the region bounded 
by the loop 7^). 
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Figure 5. Vector field X 



(4) i?3 = (2, —2) is a hyperbolic repelling singularity. 

(5) Let be the transversal section [— ^, |] x {\} and be the transversal 
section x [— |, and P"*" : E" be the induced map by the 
flow, it is assumed that P+(a;) ~ x. By symmetry there is also an induced 
map P- defined from E^ = [-\, \] x {-i} to Ei = {-\} x [-i, i] and 
P-{x) = X. 

(6) There are no additional singularities. 

Remark 4.9. From the choice of the eigenvalues of the singularity, observe that 
the induced map L"*" from E^ \ {y = 0} to E" U E" is a contraction. In the same 
way it follows that the induced map from E^^ \ {y = 0} to E" U E" is also 
a contraction. Therefore, the return map from E^ U El \ {y = 0} to itself is a 
contraction. From that, it follows that the loop 7'^ U 7^ is an attracting loop. 

Lemma 4.10. With the assumptions above the vector field X can be built in such 
a way that, 

(1) the repelling basin of Ri is given by and the repelling basin of R2 is 

(2) the repelling basin of in D is the complement of U U 7+ U 7"; 

(3) the non-wandering set is S, Ri, R2,"f~^ ,"f~ , Rs- 

Proof. Let /3+ be a simple closed curve inside Z?+ and close to 7+ and let T+ 
be the annulus bounded by 7+ and /J"*". By the property on the return map R 
inside and that the saddle 5* is a contraction (see Remark l4.9p . it follows that 
<&^(T+) C r+ for any t > 0. This allows to build X in such a way that the first 
item holds. 

With a similar argument, observe that if it is taken any closed curve a outside 
D+ U D~ and close to 7+ U 7" , and T is an annulus bounded by 7+ U 7" and a, by 
the property on the return map and that the saddle 5* is also a volume contraction, 



CONSEQUENCES OF THE SHADOWING PROPERTY 



23 



it follows that T C (T) for any t > Q. This allows to build X in such a way that 
the second item holds. 

The last item is immediate from the two previous one. 

□ 

4.2. The flow Now, given m, we take / = the ^— time map of the 
flow associated to X. Without loss of generality we can assume that there exist 
6 > with (0,6) G Wl'^^iS), a > with (a,0) G Wil^{S), and fc„ > such that 
/'^'"(0,6) = (a, 0). The iterate km depends on m but from now on, for simplicity, 
we assume that km is equal to 2. Moreover, provided a small neighborhood = 
[— e, e] X L!^ containing a fundamental domain L" = [(0, h), /(O, h)] inside the local 
unstable manifold of S and a small neighborhood = x [— e,e] containing a 
fundamental domain = [/(a, 0), (a, 0)] inside the local stable manifold of S*, and 
reparameterizing the time flow, we can assume that 

/2(x,y) = (/"(y),z), 

where /" : is a one-dimensional diffeomorphism such that = a, and 

/"' < c < 0. By symmetry, the same holds in the neighborhood = x [— e, e] = 
—L\ X [— e, e], Si = — i+ x [— e, e] and in particular, /^(O, —6) = (—a, 0). Of course, 
the fundamental domains chosen depend on m, more precisely, as m is larger, the 
fundamental domains gets smaller (recall that $j_ converge to the identity map). 

4.3. Perturbations of First we embed the map / = <I>j_ in a one parameter 
family {/t}t>o where /g = /. Now for each i > small, we get a diffeomorphism ft 
C" close to /. Moreover, we can get ft satisfying the following properties (details 
about the construction of ft arc in subsection 14. 5^ : 

(1) The map ft is symmetric respect to (0,0), i.e. ft{—p) = —ft{p)- 

(2) If t is small, S, i?2, and i?3 are hyperbolic fixed points. 

(3) For any t, the dynamics in [— 5, ^] x [— 5, ^] is given by /t(a;, y) ~ (Ax, cry), 
where A := A(77i) = A™, a := (T(m) = cj™. Observe that it is verified that 
A = CT^'', the saddle fixed point S = (0,0) is dissipative, and the local 
unstable manifold is contained in the y-axis and the local stable in the 
X-axis. 

(4) Provided the neighborhoods — [— e, e] x and i?^ — Li^ x [— e,e], we 
assume that 

/2(x,y) = (/«(?;), x + /,«(y)) 

where : U\_ — > R is a C" function verifying that 

(a) /J = 0, 

(b) there exists a unique point h" with b < b" < b' such that ft{b') ~ 
f^{b") ^ ft'ib) = (where b' is a point such that (0, b') /(O, &)), 

(c) for any y e {b,b") follows that //(y) > O^f^tiv) < and for any 
y e ib",b') follows that fi{y) < OJ%{y) > 0, 

(d) for any t the map has only two critical points ci G (6, b") and 
C2 G (6", b') such that /t'(ci) = t, /^'(cz) = -t(l + S) where J 1 = 
and moreover the critical points are not degenerated. In particular, 

/2(0,Ci) = (C'i,i),/2(0,C2) = (c^,-t(l+<5)). 



24 



ANDRES KOROPECKI AND ENRIQUE PUJALS 




Figure 6. Map on fundamental domains. 




Figure 7. /*. 

(5) The function ft coincide with /o outside a neighborhood of size t- of L" U 
— L" for r large. Therefore, the map ft can be built in such a way that is 
C close to /o. 

Observe that by symmetry, provided the neighborhood Bt = [— e, e] x — L" and 
Bl_ = — X [— e, e], it follows that 

ff{x,y)^{f-{y),x-ft%-y)) 

where // is the map defined before and so — /^^ o — /d : — L" — > R is a C family of 
functions verifying symmetric similar properties to the one listed above. 

Remark 4.11. Without loss of generality, we can assume that, 

(1) f^{x, y) = (y, -{y - cif + t + x) nearby the point (0, ci), 

(2) ff{x, y) = (y, {y - 02)^ - t{l + 6) + x) nearby the point (0, C2), 

(3) ft it is defined by symmetry nearby the points (0, — ci) and (0, — C2). 

Remark 4.12. There exists an arbitrary small neighborhood W of the region 
bounded by 7''" U 7" such that provided s,t small then any point x S belong 
to the basin of repelling of the fixed points Ri R2 or i?3 . 
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4.4. Axiom A for certain parameters. In |NP76| has been proved that given 
a C^— parameter family displaying a $7— explosion, and assuming that before the 
explosion the nonwandcring set is given by single hyperbolic periodic orbits and 
a single tangent homoclinic orbit, then there exist parameters arbitrarily close to 
0, the non-wandering is a non trivial Axiom A. These results can no be applied 
straightforward in the present context, however the proof can be adapted to con- 
clude the following proposition that allows to prove Proposition 13.21 

Proposition 4.13. For any n, if t ^ a~^^ci then ft is Axiom A with strong 
transversality condition. Moreover ^{ft) is formed by 

(1) three hyperbolic attracting periodic orbits p^,p^, q; p^ contained in , p_ 
in and q in the complement of U D^; 

(2) the repelling fixed points Ri, R2, R3; 

(3) a finite number of hyperbolic compact invariant set contained in the com- 
plement of the basin of attraction and repelling of Ri, R2, R3, p+,p^,q and 
containing the homoclinic class of S. 

The strategy to prove Proposition 14. 1 31 consists in the following steps: 

(1) It is chosen parameters t (arbitrary small) such that all the critical points 
of ft belong to the basin of attraction of some finite attracting periodic 
points (see Lemmas 14.141 14.151 and I4.16|) . 

(2) The maximal invariant set of ft inside the boxes U B^, is contained in 
a small strip along the curves ft{L\ U ) (see Lemma l4.19p . 

(3) Using previous item, it is proved that the maximal invariant set of ft inside 
the boxes i?^ U Bt_ (and in particular the nonwandcring set of ft that does 
not contain the attracting periodic points) has a dominated splitting (see 
Lemma [422]) . 

(4) Using Theorem B in [PS09| is concluded that ft is Axiom A. 

(5) The transversality condition follows from the fact the non attracting classes 
are contained in the maximal invariant set inside the boxes B^j_ U Si (and 
by item 3, it has dominated splitting). 

First, in the next lemma, we prove that for t = cr^"ci, the critical points of ft 
belong to the basin of attraction of an attracting periodic point. For that value of t 
it also follows that (c2, —t) and {—c'2, t) belong the basin of attraction of a periodic 
point in [D+ iJ D^Y (see Lemma [^Te]) . 

Lemma 4.14. For any n, if t = (t~"ci then there exists a hyperbolic attracting 
periodic point p^ contained in such that, for 2 < a < 3, the following hold: 

(1) the regions i?^(ci) = {{x,y) : Q < x < t", |y — ci| < 22^2"} is contained in 
the local basin of attraction of p+, 

(2) -Bq (c']^) = {{x,y) : |x — c'j^j < 22ff , \y — t\ < t"} is contained in the local 
basin of attraction of ft{p+) and in particular, {c'^^t) is in the basin ofp+. 

Proof. First it is proven that for t = ct^"ci small 

(4) fr\B-{c',))cB-{c',). 

Observe that for that value of t, the y— coordinates of f"'{c'i,t) is equal to ci. This 
implies that there is an attracting periodic point in the disk B~{c'i) with period 
n + 2 and latter it is proved that the disk is contained in the basin of attraction. 
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Figure 8. Local Basin. 

Observe that ft{B^{ci)) C B^{c[), so to conclude ^ it is proved that 

(5) f"iB-ic[))cB+ic,). 
In fact, to conclude (O, we prove that 

(6) fnB-{c[))cB+{c^), 

i.e., for any {x,y) S B~{c[) we prove (i) Ci—t" < a"-y < Ci +P and (ii) A"a; < t", 
where A" a; and a'^y are the x and y coordinates of /"(x, y). In fact, on one hand if 
(x, y) e B-(ci) then t - < y < t + 1" and so ci - (T"i" < a'^y < ci + cr"t" and 
since ta"^ — a then ci — cit"^^ < a^^y < ci + cit"~^ but from the fact that a > 2 
and so ^ < a — 1 then cit"~^ < t", concluding the first inequality. On the other 
hand, if {x,y) S B-{c[) then c[-0 <x < c'^ +tt and so < A"?/ < c'^A" + A"it; 
since to" = ci and A = 4:;: then < A"x < t"^ and recalling a < 7 (in fact, 7 > 6) 
it follows that f < t" concluding the second inequality and proving (|6]). 

To conclude that B^{c[) is inside the basin of attraction, it is shown that for 
any z e B-{c[), 

||i5,/^+4||<l. 

Observe that for z G i?+(ci) 



1 dy-r 



with |i9j,//| < 4t 2 . So, using that Z?/" is the diagonal matrix with diagonal A", cr" 
then for any z G B~{ci) 

2„+4 _ f (A<7)" r',iz)a"dyfnz) 



V (Aa)«+a2»9,//(^)a,/f(/^+2(z)) 
and since cr" = f and ft"'^^{z) e B+{ci) then 

a"dyf,^{z) < tt-i « 1, |ct2"9,//(z)9,//(/^+2(^))| < 4i2(t-i) 

Since Act < 1 it follows that the norm of DJ^"+'^ is smaller than 1. □ 

The proof of the next lemma follows from the symmetric property assumed on 
ft- It basically states that there is also a sink created on D^. 

Lemma 4.15. For t = (t^"ci, there exists a periodic point p_ contained in 
such that for 2 < a < 'i it is verified: 

(1) the regions B^{—ci) = {{x,y) : — < x < 0, |y + ci| < 2^t^} is contained 
in the local basin of attraction of p- , 
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(2) B^{—c'i) ~ {{x,y) : \x + c'i\ < 2^tT , \y ~ t\ < t"} is contained in the local 
basin of attraction of ff{p) and in particular, {c'l^t) is in the basin ofp^. 

The next is about a sink that is created in D. 

Lemma 4.16. For t = (t^"ci, there exists a hyperbolic attracting periodic point q 
contained in D = [D^ U Z?^]*^ such that for 2 < a < 3 it is verified: 

(1) the regions B^{c2) = {(a;, y) : — < a; < 0, |y + C2| < 2^s^} is contained 
in the local basin of attraction of p+ , 

(2) -Bq (cg) = : \x + < 22sf , |y — s| < s"} is contained in the local 
basin of attraction of f^(q) and in particular, (c2,— s) is in the basin of q. 

(3) the regions C2) = {{x^y) : < x < s", \y — C2I < 2252-} is contained 
in the local basin of attraction of q, 

(4) -Bq(— C2) = {{x,y) : jx + Cjl < 2^ s'^ ,\y — s\ < s"} is contained in the local 
basin of attraction of fi{q) and in particular, (— C2,s) is in the basin of q. 

Proof. Observe that for the construction of ft it follows that f^{B'^{c2)) C B^{c2) 
and f^{B+{-C2)) C B^i-c'^). On the other hand, since cr"i = ci, then cr"t(l+5) = 
C2 ((5 = ^ — 1). Repeating the calculation in Lemma l4.14l and recalling the property 
of ft (more precisely, item (4.d) in subsection 14.3^ follows /"(-B~(c2)) C B^{—C2) 
and friB-i-c'^)) C i?+(c2). Therefore, 

/^+2(i3+(c2)) C B+ic2) 

and so there is a semiattracting periodic point there. In the same way as in the 
proof of Lemma 14.141 also holds that 

\\DJ^"+^\\<1 

for any z G B^{c2) so the the semiattracting periodic point is a hyperbolic sink 
such that i?+(c2) is contained in its basin of attraction. Similar argument follows 
fori?-(c'2),B-(-4) and B+{-C2). 

□ 

Corollary 4.17. There exists t arbitrarily small such that the thesis of lemmas 
llUl [7J5| and \lIB\ hold. 

Lemma 4.18. For any small t, if x ^{ft) then either x G {_Ri, i?2, -R3} or 
belongs to B^i (7"'' U7~) (a neighborhood of radius tr of ). In particular, if 

X ^ {S, Ri, R2, R3} then there exists an iterate of x that belongs to S^j^ (L^^ U LI). 

Proof. It follows immediately from the fact that ft restricted to the complement of 
B\ coincide with /o o- 

□ 

Now, using that ft is dissipative in a neighborhood of 5 and Lemma 14.181 we 
conclude that the non-wandering set inside B^ is contained in a small strip around 
ft{L'^); in the same way, the non- wandering set inside Bt is contained in a small 
strip around ft{L'^). We fix first a larger than 2 and smaller than 3. 

Lemma 4.19. For small t, there exists ^ verifying a < ^ < 3 such that if At = 
^nezfTiW) then 

(1) At nB^ C Bt,{f^{Ll)), and so n{ft) n B^ C BtiUHK))-^ 
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Figure 9. Attracting periodic points of ft. 

(2) A(/0 nSi C Bt,{!f(Lt_)), and so nift) n Bt C Bt,{ff{L^_))- 

where Bf({ff{L'^)) denotes the neighborhood of size ^ of ff{L'j_). In particular, it 
follows that for any x G fi(/t) then either x € {S, Ri, R2, R3} or there exists an 
iterate of x that belongs to )) U Bti{ff{L\)). 

Proof. Recall that ft coincides with /o outside a neighborhood of size of of 
L" UL" and so from Lemma r4.18l we have to consider the non- wandering set inside 
S\ {L\ U ). Let m be the first positive integer such that (T™t^ £ U L" and 
this implies that for any z E B\ such that L{z) £ B" then dist{L{z), U'-) < A"^ 

with Uz > m. Since A = then A"= < A™ < cr"''"" < and from the election 
of 7 (see second item in subsection 14. ip , which verifies that ^ > 3 it follows that 
there exists ^ larger than a (and without loss of generality smaller than 3) such 
that 7 > and so dist{L{z), L") < A"- < t^ and from the definition of ff the 
thesis follows. 

□ 

Remark 4.20. Observe that the thesis of lemmas l4TT4l l4TT5l l4?T6l and l4TT9l hold 
for small perturbations of ft. 

Remark 4.21. In a similar way as in the proof of Lemma [4. 191 it can be concluded 
that 

(1) if a; G B5^ then cither x e Wf^^{S) or there exists a forward iterate that 
return to B^UBt; 

(2) if a; G B^^ then either x G Wl^^{S) or there exists a backward iterate that 
return to B^UB^^. 

In what follows we prove the existence of a dominated splitting on the non 
wandering set excluding the attracting and repelling points p+,p-,q, Ri, R2, Rs- 
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A compact invariant set A has a dominated splitting if there exist two comple- 
mentary invariant subbundle E Q) F hy the action of the derivative such that 
II-^^b(z)IIII^/f(/i(z)II ^ 5 z € A and any positive integer n sufficiently 

large. The existence of dominated splitting is equivalent to the existences of invari- 
ant cone fields, i.e., a cone field {C{z)}zeA such that 

Dr{C{z)) C interior {C if ["{z)) 

for any z £ A and any positive integer n sufficiently large. 

Lemma 4.22. For any t verifying the thesis of Lemmas \4-14\ \4-^5\ and \4.1()\ 

it follows that At is a set having a dominated splitting. In particular, ^l{ft) \ 
g, i?2, ^3} is a set having a dominated splitting. 

Proof. It is enough to show that for the set of points that is not contained in the 
local basin of attraction of the periodic points given by Lemmas 14 . 1 4[ HTSl and 
it is possible to build an invariant unstable cone field. More precisely, this cone 
field is defined in 

(7) B,, [LD U B,, (L« ) y B,, if^Ll)) U B,, {f^{L^_)) [j W^S) 

which is the region that contains the non- wandering inside i?" U i?" U B'^ U Bt . 
Latter, by standard procedure, the cone field is extended everywhere by iteration 
and taking the closure. Therefore, to show that the cone field is invariant, is enough 
to check it in the region (O. For points {x,y) G Bt({L^) U i?t€(L") the cone field 
has the vertical vector (0, 1) as direction and slope t^, i.e., 

C{x,y)^{v: slopeiv, (0,1)) <t^}. 

For points {x\y') = f^{x,y) G Bti{f^{Ll)) U Bti{f'^{L'±)) it is taken a cone field 
with direction tangents to ft{{x} x L") with |a;| < f fixed and slope t^. More 
precisely, given a point {x' ,y') = (/"(2/),a; + f^{y)) G Bti{f'^{L\)) and defining 
«^(.'.y') = (/"'(y)'//'(2/))then 

C{x\y') = {v : slope{v,W[x,^y,)) < t^}. 

For points in the local stable manifold of the saddle S it is taken the forward iterate 
of the cone in [5t«(/2(L«)) U Bt^ {f^ (L'i))] n Wf^^^S) and in S it is taken a cone 
along the unstable direction. 

Now we proceed to prove that the cone field are invariant. From Lemma I4.14[ 
Lemma [4 ■ 1 9 1 and item (4) in the definition of follows that for any point (a;', y') G 
n n{ft) then 

slope{w(^^,^y>), (1,0)) > t^, 
in particular, if u G C{x',y') then 

s;ope(w(^-,y), (1,0)) > > it^. 

Observe that by definition, 

(8) f?{Cix,y))=C{f^{x,y)). 

Let {x, y) be a point in B^ that does not belong to the local stable manifold of S, 
i.e y > 0. Let m = m{x,y) be the first integer such that fl^{x,y) G B^, i.e. m is 
the first integer such that cr'^y £ i?" . It remains to show that for {x, y) G holds 

i^(..y)/r+'(C(x,y))cC(r+2(x,y)). 
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From (|8]) it remains to show that for {x, y) E B"^ holds that 
(9) D^,^y)fr{C{x,y))cC{fr{x,y)). 

Observe that m is larger than mo such that (T"'°i > b. So, giving v = (1, V2) G C(^x.y} 
then Dfp{v) ^ (A™, W2cr'") = V2cr"'{:^, 1) with V2 > > and therefore 

dope{Dfriv), (0, 1)) < ^ < f-^-' 

and recalling that 7>6,a<^<3 follows that 7 — ^ — 1 > C therefore 
proving that the slope of Dfl"{v) with (0, 1) is strictly smaller that and so ([9]) 
is proved. □ 

To conclude Proposition 14.131 it is used a result proved in |PS09| (see Theorem 
B) that states that a generic Kupka-Smale diffeomorphism with a dominated 
splitting in its non-wandering set is Axiom A. 

Remark 4.23. From remark |4.20[ we can assume without loss of generality that 
ft is Kupka-Smale and moreover it does not contain normally hyperbolic invariant 
curves. Therefore, from Theorem B in |PS09| it follows that At is a hyperbolic 
set. Since there are transversal homoclinic points associated to S, it follows that 
At contains a non trivial hyperbolic set. 

Proof of Proposition \4-13\ To conclude, we have to show the strong transversality 
condition: the stable and unstable manifold of any basic piece given by the spectral 
decomposition intersect transversally. This follows immediately using that in At \ 
{p+,P-,q, Ri, R2, R3} there is a dominated splitting. In fact, if z S W^{x)riW^{x') 
for some x,x' € nt\{p+,p-,q, Ri, R2, R3}, z e At and W'j*^ (x) U (x') C At 

where W^^ {x) is the connected arc of (x) that contains x and is bounded by 
X and z (and W'j"^,j(a;') is the connected arc of VF"(x') that contains x' and is 
bounded by x' and z). So, TzW'^{x) is tangent to the subbundle and TzW"{x) 
is tangent to the subbundle provided by the dominated splitting, and therefore 
the intersection is transversal. □ 

4.5. About the construction of ft. We consider a tubular neighborhood T 
around 7"*" that contains B'!^^ and _Bi for the flow Moreover, using appropriate 
coordinates we can assume that T = l,"^ -I- 2] x [—1,1], i?" = [0,1] x [—1,1], 
B'^ = [m, m + I] X [—1,1] and 

«'j.(a;,y) = {x + l,y). 
Now we consider a map g : R ^> M with support in [— e, 1 + e] such that 

(1) go .9/[o,i] verifies that go{0) ~ .9o(l/2) ~ .9o(l) = 0, only has two critical 
points at 1/4, and 3/4, (;o(l/4) = 1, 5o(3/4) = 1 -I- 5 , go is positive in 
(0, 1/2) and negative in (1/2, 1); 

(2) 5q is increasing in [0, 1/2] and decreasing in [1/2, 1]; 

(3) g\ := ^/[i^i+e] has only one critical point and gi{x) << go{x — 1). 
Moreover, taking e small, the maps can be chosen in such a way that g = go{x) + 
gi{x + 1) verifies in [0,1] the same properties that go verifies. Moreover, taking 
gt = tg and gt =tg = got{x) -\- git{x + 1), for t small then the C norm of gt is also 
small. Now observe that if 

/t(a;,y) = {x + l,y + b{ii)gt{x)), 
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where b is bump function that is zero outside [—1, 1] and is equal to 1 in [—1/2, 1/2] 
then ft is a difFeomorphism and for {x,y) G with y E [—1/2, 1/2] follows that 

fr{x,v) = {x + m,y + gt{x)) 

and observe that after the coordinates changes in T follows that the map has the 
properties required for ft in B". 
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